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Abstract

Let G be a finite group. We prove that every definable G set in a representation {2 of G
admits an equivariant definable triangulation (L, ¢) such that for each open simplex int(A) of
L, ¢(int(A)) is a locally closed definable C™ submanifold of 2 and that it induces a definable
triangulation of X/G compatible with the orbit types.
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1. Introduction

Let M denote an o-minimal expansion
of the standard structure R = (R, +, -, <) of
the field of real numbers. The term “defin-
able” means “definable with parameters in
M?”. General references on o-minimal struc-
tures are [2], [4], see also [12]. Further prop-
erties and constructions of them are stud-
ied in [3], [5], [10]. It is known in [11] that
there exist uncountably many o-minimal ex-
pansions of R. Any definable category is a
generalization of the semialgebraic category,
the definable category on R coincides with
the semialgebraic one, and this category is
studied in [1]. An equivariant definable cat-
egory is studied in [7], [8], [6].

A group G is a definable group if G
is a definable set and the group operations
G x G — G and G — G are definable. A
representation map of a definable group G
is a group homomorphism from G to some
O(n) which is definable. A representation
of G is the representation space of a rep-
resentation map of G. A definable G set

means a G invariant definable subset of some
representation of G.

In this paper, we are concerned with
equivariant definable triangulations of defin-
able G sets when G is a finite group.

Let X be a definable G set. A definable
triangulation (L, ¢) of the orbit space X/G
is compatible with the orbit types if for any
orbit type (H), ¢ o «(X(H)) is a union of
open simplexes of L, where 7 : X — X/G
denotes the orbit map and X(H) = {z €
X|(Ge) = (H)}-

Let G be a finite group and X a de-
finable G set. An equivariant definable
triangulation (L,¢) of X consists of a G
invariant union L of open simplexes of an
equivariant simplicial complex and a defin-
able G homeomorphism ¢ : |L| — X.

Theorem 1.1. Let G be a finite group,
X a definable G set in a representation (0 of
G andr a positive integer. Then there exists
an equivariant definable triangulation (L, ¢)
of X such that:

(1) For any open simplex int(A™) of L,
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d(int(A™)) is a locally closed definable
C™ submanifold of Q and @|int(A™) is
a definable C™ diffeomorphism onto its
mmage.

(2) This triangulation induces a definable
triangulation of X/G compatible with
the orbit types.

In particular, if X is compact, then we
can take L to be an equivariant simplicial
complex.

2 . Proof of Theorem

Let G be a finite group. Recall the def-
inition of equivariant simplicial complexes.
A simplicial G complex consists of a sim-
plicial complex K together with a G action
Y : G x K — K such that 9, = 9(g,-) :
K — K is a simplicial homeomorphism for
any g € G. We say that a simplicial G com-
plex is an equivariant simplicial complez if
the following two conditions are satisfied.

(1) For any subgroup H of G, if A" =<
Vg, ...,V > and A" =< hovg, ...,
hn,v, > are simplexes of K for h; € H,
then there exists an h € H such that
hv; = hyv; for all 7.

(2) For every simplex A™ of K, the ver-
tices vg,...,v, of A™ can be ordered
with G, C -+ C Gy

Note that the second barycentric sub-
division of any simplicial G complex is an
equivariant simplicial complex (e.g. [9])

To prove Theorem, we need results on
the C™ singular point set of a definable set
and equivariant stratifications of definable G
sets.

Theorem 2.1. (11.1.10 [12]) Let X be a
nonempty definable set and r € N. Then the
C" singular point set is a definable subset
of X whose dimension is less than dim X,
where dim ) = —oco.

Now we consider equivariant stratifica-
tions of definable G sets.

Theorem 2.2. Let G be a compact de-
finable group, X a definable G set in a rep-
resentation £ of G and 1 < r < oco. Let
{X;}*, be a finite collection of definable G
subsets of X. Then there exists a finite par-
tition { A} of X into locally closed definable
C"G submanifolds of ) such that:

(1) Every X; is a union of some A,.
(2) IfAJ N A, # @, then A C Aj.

Proof. Refining { X; }U{X}, if necessary,
we may assume that {X;} is a partition of
X.

We proceed by induction on dim X. Then
by Theorem 2.1, for each X;, there exists a
definable C" submanifold N; of contained
in X; and the dimension of S; := X; — N, is
less than dim X;. Note that V; D S;. By the
definition of C” regular point sets, N; is G in-
variant. Thus N; is a locally closed definable
C"@G submanifold of 2. Hence S; is a defin-
able GG set. Note that connected components
of N; do not necessarily have the same di-
mension. Let A;; be the union of connected
components of N; with dimension ¢. Then
each A; is a locally closed definable C"G
submanifold of 2. Let S;; = (A — A4i;) N XG.
Then S;; is a G invariant definable subset of
X and A N Sij 7é 0= Sij C Ag:.

Let Y = US;; and ¥; = Y N X,. Since
dimY < dim X and by the inductive hy-
pothesis, there exists a finite partition { By}
of Y into locally closed definable C"G sub-
manifolds of 2 satisfying the conditions in
the theorem. Therefore {A4;} := {As} U
{By} is the required partition of X.

Proof of Theorem 1.1. First we prove
the case where X is compact. Note that for
each orbit type (H) of X, X(H) = {z €
X|G; is conjugate to H} is G invariant.
Thus by Theorem 2.2, there exists a finite
partition {4} of X into locally closed defin-
able C"G submanifolds of compatible with
{X(H)}. Since A, is a definable G set and
the orbit map = : X — X/G is a definable
map, 7(A;) is a definable subset of X/G.
Thus there exists a definable triangulation
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(K,T) of X/G compatible with {m(A4;)} by
8.2.9 [2]. Replacing some subdivision, if nec-
essary, for each A € K,n '(7(Int A)) is a
definable C"G submanifold of © and there
exists a definable C section sa : 7(A) — X
such that:

(1) sa(7(Int A)) is a locally closed defin-
able C” submanifold of 2.

(2) sa|m(Int A) is a definable C" diffeo-
morphism onto its image.

Note that sa(7(A)) = (77 1(r(A)))¥ and
sa(r(Int (A))) = (7 2 (r(Int (A))))", where
H is the orbit type of 7(int A™).

Let L' be a finite abstract simplicial com-
plex whose simplexes are {gs(7(A))|A € K,
g € G}. Then L' is an abstract G complex
with the following G action. For a simplex
{hs(vp); ..., hs(v,)} in L' and g € G, then
dg({hs(vp), ..., hs(vn)}) = {ghs(w), - ..
ghs(v,) }. Now let L be the realization of
L' and let << gs(vg), ..., 958(vn) >>
denote the corresponding simplex to {gs(7(
v0)), .-, g8(T(vp))} for A =< vg, ..., v > €
K. Then L is an equivariant simplicial com-
plex with the action induced by L'. For any
g€ G, A" =< vg,...,v, > in K and a sec-
tion s on A", we define a linear homeomor-
phism [ sam)ss << gs5(vg), - - ., gs(vn)

>>— A”,H<<gs(m)>>(gs(m)) = v;. De-
fine [T = UTl.cysany»> 1 £ — K. Then 11
is a well-defined simplicial map. Note that
[1: L — K is the orbit map and L/G = K

Define a map 0 : |L| — X by n| <<
gs(A") >>= gsoro[]| << gs(A") >>:<<
gs(A™) >>— gs((T(A™)), A™ € K,g € G.
Then 7 is a well-defined definable G map.
For each simplex A =<< gs(A") >> of L,
we have 7(int (A)) = gs(r(int (A)). More-
over n| << gs(int (A™))) >> is a definable
C"G diffeomorphism from << gs(int (A™)))
>> onto its image because it is the compo-
sition of a linear isomorphism []| << gs(
intA") >>, and definable C" diffeomorph-
isms 7lint (A) and gs. Therefore (L,n) is
the required triangulation.

Assume that X is non-compact and closed
in . Then we may assume that 0 € X. Let

6 :Q— {0} — Q— {0} be b(z) = HTTW'
Then it is a Nash G diffeomorphism because
G acts on orthogonally, where ||z|| denotes
the standard norm of . Then X* = 6(X) U
{0} is a compact definable G set which is a
one point compactification of X. Apply X~
to the compact case, we have an equivari-
ant definable triangulation (K™*,¢*). Then
(#*)71(0) is a vertex. Since 0 is a fixed point,
(K" —(¢*)71(0), ¢*| K" —(¢*)~"(0)) is the re-
quired triangulation.

Now we prove the case where X is not
closed in Q. Let X be the closure of X in {2.
Then X is a closed definable G set in €.

Applying X to the closed case, we have
an equivariant triangulation of X compati-
ble with X. Therefore we have the theorem.
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